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1. INTRODUCTION 
The laminar flow of an electrically conducting, incompressible viscous 
fluid due to harmonic oscillations of an infinite plate under a transverse 
magnetic field has been studied by Kakutani [l], Hide and Roberts [2], 
Axford [3], Arora [4], and Arora and Gupta [I. Here we have considered 
magnetohydrodynamic flow due to finite-amplitude axial oscillations of an 
infinite cylinder (insulator). There is a radially applied magnetic field of the 
form k/r, where k is a constant and Y  the radial distance. This paper is a 
generalisation of [6] to the case of conducting fluids. 
The problem is studied in two parts. In the first part, inviscid conducting 
fluids are considered, whereas in the second part, the conductivity is taken 
to be infinite. The results are expressed in terms of interaction parameter 
in the first part and by a dimensionless quantity, the ratio of interaction 
parameter and magnetic Prandtl number, in the second part. In both the 
cases, the induced magnetic field is found to be discontinuous at the surface 
of the oscillating cylinder. A discontinuous induced magnetic field is also 
obtained in case of the oscillating plane problem [5] when one neglects the 
dissipative effect of viscosity as compared to that of finite conductivity. 
Other aspects such as skin friction, energy dissipation, induced current 
density, and electric field distribution are also studied. All the results have 
been expressed in their real forms and for that purpose a few relations in 
Bessel functions are derived. 
Consider an infinitely long cylinder of radius a, executing simple harmonic 
motion along its axis in an infinite expanse of a conducting fluid. The axis 
is taken along the x direction of a cylindrical system (Y, 8, z). A radial magnetic 
field B, = k/r, Y  > u, is impressed across the fluid. Let the velocity of the 
oscillating cylinder be 
u = u() cos wt, (1) 
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where us and w are constants representing velocity amplitude and angular 
frequency of vibration, respectively, and t denotes time. We write (1) as 
u = Re[u, exp(iwt)] and so long as the calculations involve only linear 
operations on velocity u, we may omit the symbol Re and proceed as if u 
were complex and then taking the real part of the final result. Thus we take 
u = u. exp(iwt) (2) 
as the velocity of the oscillating cylinder. We wish to study the resulting 
motion of the fluid. 
2. FLOW EQUATIONS 
The equations (in rationalized MKS units) governing the flow of a viscous, 
incompressible, and conducting fluid are: 
-!$-i-(v*V)v== -$Op+$-j xB+uV%, 
div v = 0, (4) 
Curl B = pj, (5) 
div B = 0, (6) 
CurlE= -g, 
j = a(E + v x B), (8) 
where v is the fluid velocity, B the magnetic induction, E the electric field, 
p the permeability, j the current density, p the matter density, Y the kinematic 
viscosity, (J the electrical conductivity, and p the hydrostatic pressure. EL, v, 
p, and u are constant throughout the flow field. In writing down the above 
equations, we have neglected the displacement currents and the free charge 
density. 
Elimination of j and E from the above set of equations yields the following 
two equations: 
g+(v*V)v= -$Vp+-$(CurlB) x B+Pv, (9) 
i3B - = Curl(v x B) + APB, 
at 
(10) 
where h = I/pa is the magnetic diffusivity of the fluid. 
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Writing v = (or, 4, w,) and B = (Br , Be, B,), we express Eqs. (9) 
and (10) in cylindrical coordinates and subject those to the following flow 
characteristics which are evident from the symmetry of the flow: 
(i) a/M = a/& = 0. It follows from this that all the quantities are 
functions of coordinate r and time t only. 
(ii) From (i) and the equation of continuity we obtain 0,. = 0 for there is 
no radial flow at the surface of the cylinder. Since the oscillations considered 
are only along the axial direction we suppose that q = 0 and we write the 
fluid velocity v, = ~(r, t). By a similar argument one shows that the induced 
magnetic field has only z-component and so we have 
BT=B,=+, B, = 0, B, = b(r, t). 
The resulting equations are 
p;+2b$-$0 , 
and 
(12) 
(13) 
Equation (11) gives the pressure distribution in the radial direction. Elimina- 
tion of b or w from Eqs. (12) and (13) leads to 
Relation (14) is the flow equations for the motion of the fluid and the induced 
magnetic field. 
3. SOLUTION 
We assume that there is no slip of the fluid relative to the surface of the 
cylinder and that the fluid is at rest at large distances from the surface, i.e., 
VI,,, = u. exp(iwt); ZI~I+~ = 0. (15) 
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The boundary conditions expressing the induced magnetic field are 
bl,=, = 0, bl,,, = 0. (16) 
We, now solve equations (14) subject to the boundary conditions (15) and 
(16). The following two cases are of interest: 
(i) When the viscosity is zero, i.e., the case of inviscid conducting fluids. 
(ii) When the conductivity is infinite. 
Case I : Inviscid Fluids 
Substituting v = 0 in Eq. (14), we get 
In virtue of harmonic oscillations, we seek solutions of the above equation 
of the form 
V(Y, t) = vi(r) exp(iwt) 
b(~, t) = b,(r) exp(iwt) (18) 
so that Eq. (17) results in 
(Nd + ir2) $$ - (Na2 
1 dv, 
- 3ir2) r dr + Jf r2v1 = 0 (19) 
and 
d2b, 
(Nu2 + iY2)-@- - (Nu2 - iy$3 + XY%, = 0, (20) 
where 
(21) 
is a dimensionless quantity, called the interaction parameter. Writing 
Y, = Na2 + ir2 (22) 
Eq. (19) yields 
!%+A$ - A!- 211 = 0. 
1 11 4hY, 
(23) 
Changing the variable to 
Y2 = 5 Y, ( 1 
112 
h 
(24) 
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Eq. (23) reduces to 
~+~+=o. (25) 
2 2 2 
Substituting 
-1 
01 = erg-2 (26) 
in Eq. (25), we obtain the differential equation for v2 as 
2+$2-(1 ++)v2=o; (27) 
the general solution of which is given by 
vz(r) = -4lW2) + ~2&(~2)~ (28) 
where I, and Kl are respectively the modified Bessel functions of first and 
second kinds of order one; A, and A, being arbitrary constants. We write 
r2 = F ‘I2 (N$ + iy2)l12 = Te@, 
( 1 (29) 
where 
.y = x 1’2 (N2d’ + #)I/4 ( 1 
(30) 
/3 = + tan-l ,(&) . 
From Eqs. (18), (26), and (28), we have for the velocity distribution 
V(Y, t) = + ei(ut-8)[AlI,(TeiS) + A2Kl(Tei6)]. 
Using substitutions (22) and (24), Eq. (20) gives 
d2b, 
-+$$-b,=O. 
2 
The general solution of Eq. (32) is 
h(y) = 4W2) + A,&(y2), 
(31) 
(32) 
(33) 
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where I, and K, are zero order modified Bessel functions of first and second 
kinds respectively. A, and A, are arbitrary constants. From Eqs. (18), (29), 
and (33) we obtain the following expression for the magnetic field: 
b(r, t) = .W[A210(o(7eifl) + A,Ko(Tei+5)]. (34) 
As T (and hence T) -+ co, l,,(Teis) and Ir(Te@) + co, whereas Ko(Te@) and 
Kr(Te@) -+ 0. Therefore in Eqs. (31) and (34) 
A, = A, = 0 
so as to satisfy the boundary conditions at Y -+ co and we are left with 
1 
Z, = A, - ei(wt-6)Kl(Tei6), 
7 
(35) 
b = A4e$wtKo(Tei6). (36) 
Substituting for z, and b from Eqs. (35) and (36) in Eqs. (12) and (13) with 
v = 0, we obtain A, in terms of A, as 
A,= -$AZ. (37) 
Eq. (35) can also be written as 
zI = A, + R1(7, @) &‘t+e1(Ts6)-61, (38) 
where 
Kn(xeiv) = R,(x, y) eien(z’r), (39) 
&a(& y) = [-G2(x, Y) + F?z2(% YW2, 6%(x, y) = tan-l ~ 
J%(% Y) ’ 
qx, y) = (- l)n+l (r - log 2 + log x) V&Y) + (- l)“YV&, Y) 
(40) 
+;yc- 1)” m! (,) (n - m - 1Y 2 n-2m cos(n _ 24 y n=o 
(41) 
x 1+++*.. ( +;+l+++-.+&) 
x cos(n + 2m) y, 
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F&, y) = (- 1)“+1 (y - log 2 + log x> v;I(x, Y) + (- l)“+lYW% Y) 
+ +y (- lP+l m! 
(a - m - l)! 2 
(,j 
n-2m 
sin(n - 2m) y 
m=O 
+ (- 1)” c0 (ix)“+am- 
2 z. m!(n + m)! 
x l+~+~*~+$+l+~+~~*++--j ( 
X sin(n + 2m) y, 
m (g x),+2m 
un(x’ ‘) = mso m!(n + m)! co+ + 2424 
(42) 
(43) 
where n is the order of various functions, y the Euler’s constant and x and Y 
are functions of an independent variable w. 
Subjecting Eq. (38) to the boundary condition (15) at r = a, we get 
A2 = 121~aT;pa) e ik3,s,b,.s,)l ’ (44) 
where 
7,=a - 
( j 
to lP (N2 + 1)1/4 
h 
and /3, = + tan-l ($j (45) 
so that 
T&(T, P) 
w = u” 4(T, , I%) 
,srwt+e~~7,a~-e,~r,,a,~-s+6,1 . (46) 
Taking the real part of Eq. (46), the velocity field is given by 
and substitution for 7 and T, yields 
v = ‘0’ N2 + l N2a4 + ,.4 cos[d + 81(T, 8) - &(T,, Pa) - B + Bal- 
(48) 
409/30/3- 12 
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The motion of the fluid consists of concentric waves propagated outwards 
from the cylinder. The waves are damped in the interior of the fluid as they 
move farther from the cylinder. [6,(~, p) - 0,(~, , Pa) - p + j3J’ is the phase 
of u at radial distance r, relative to its value at the surface of the cylinder. 
Because of Eqs. (37), (39), and (44), Eq. (36) becomes 
1 Rob9 8) b = - pphu,r, - --- e irWt+e”(7,8)-e1(7,.0.)+8.1 
k mTa 9 Pa> 
> (49) 
the real part of which gives 
b = - (pp)llz (1 + $)l’* u. R;(!JI’,$)) 
x cow 4 e,e, rs) - w, , Pa) + fu 
(50) 
for the induced magnetic field. From Eq. (50) we find that b has a finite 
value at r = CZ, whereas the boundary condition (16) requires it to be zero. 
Hence, there is a discontinuity at r = a in the magnetic field distribution and 
we write 
b = I - (CLPY (1 + +J*uo ~;;;~;~a) x cos[wt + &(7,8> - &(T, 7 Is,> + Pal, * > a (51) 0, r = a. 
The phase difference between z, and b at any fluid level r > a is 
Fe, 8) - Bo(T, 8) - 131. 
Since we are considering inviscid fluids, the skin friction acting on the 
cylinder is zero and there is no energy transfer from the oscillating cylinder to 
the fluid. From Eq. (5), we get for the current density 
1 ab 
.lo= -p* 
In evaluating ablar, the following relations are used: 
Ro’(x, y) = - qx, y) UT y) cos[e,(x, y) - 4(x, y) - y - #(x, Y>l, 
(53) 
Ro(x, y) Bo’(x, y) = H(x, y) 4(x, y) sin[O,(x, y) - 0,(x, y) - y - 9(x, y)], 
(54) 
and 
H(x, y) = (d2 + x2y’2)1/2 (55) 
#(x,y) = tan-l -$ , ( 1 (56) 
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where the primes denote differentiation with respect to w. From Eq. (50), we 
obtain 
f = u&pp)“2 (1+ +y4 H(T, B) Rff..;$) 
x cos[wt + &(T, p) - &(T, , I%) + B + 8, + 547, m. 
(57) 
The quantities H(T, ,B) and I&V-, /3) are determined from Eqs. (30), (55), and 
(56) and are given by 
H(T, p) = [($)’ + G-2 ($)e]li2 = (y r(NW + r4)--114, 
Na2 YT - = - - 33. 
r2 2 
(58) 
Using Eqs. (57) and (58), Eq. (52) yields 
x sin[wt + &(T, B) - ‘%(Ta , Ax) - B + &I 
(59) 
for the induced current density. 
From Eq. (8), the electric field is given by 
Substituting for je and v, we get 
E&, t> = - u~(,..L~~)~~~ (1 + -&)li4 (N2a4 + f4)l14 f R:j(d’, ;;) 
X COSbt + &(T, p> - uTa ,8d + fl + ,&I- 
(61) 
Eq. (61) determines the induced electric fieId distribution throughout the 
flow field. Eqs. (59) and (61) show the existence of surface current density and 
electric field at T = a. The values of je(a, t) and &(a, t) are 
and 
i&, t) = u. - ( ) 
fJJP- li2 sh & 
ELxh’ 
(62) 
E&z, t) = - u~(~~LPwX)~~~ (N + -&)1’2 cos(wt + 2/3,), 
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respectively. From Eq. (62), we find that the surface electric field lags surface 
current density by a phase (n/2) - 2pa = t an-l N, which increases with the 
increasing value of N and approaches the limiting value T/Z as N becomes 
sufficiently large. 
Case II. Infinitely Conducting Fluids 
In the limiting case of 0 -+ co or h = 0, Eqs. (14) reduce to the following 
set of equations 
Comparing Eq. (63) with Eq. (17), we find that the differential equations for v 
and b in the two cases are interchanged, i.e., the equation for velocity in the 
first case represents the equation for magnetic field in the second case and 
vice versa, with h changed to v in the present case. So the general solutions of 
Eq. (63) are 
and 
v(r, t) = ei”“[BIIo([eim) + B2Ko([eiQ)] (64) 
where 
b(r, t) = $- ei(wt-“)[B,I,([ei”) + B4Kl([ei”)], (65) 
5 = ($)“” (Jf2a4 + 11)V4, 4 = + tan1 (&) (66) 
and 
Here B, , B, , B, , and B, are arbitrary constants, M is a dimensionless 
quantity and is the ratio of interaction parameter N and the Magnetic 
Prandtl number Pr, . Note M is also the product of Cowling number Co 
and Reynolds number Re. 
In the present case, we have 
B, = B, = 0, 
so that the boundary conditions at infinity are satisfied; B, is determined 
in terms of B, from Eqs. (12) and (13) with X = 0 and the value obtained is 
B4= -;B2. (68) 
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Hence, Eqs. (64) and (65) can be written in the form 
and 
w(y, t) = B,R,((, fj) eirwt+eJc*6)’ (69) 
qy, t) = - $ B,R,([, 4) ei[wt+e,(c,+)-dl. (70) 
Subjecting Eq. (69) to the boundary condition (15) at Y = a, the value of B, 
is given by 
(71) 
where 
1, = a (y (A!22 + 1)1/4 and $a = + tan-r (,‘,j . (72) 
Substituting for B, in Eqs. (69) and (70) and using the boundary condition 
(16) for magnetic field at Y = a, we obtain, after retaining real parts, the 
following expressions for velocity and induced magnetic field: 
and 
_ Uoa(pp~)w (pa4 + y4)-v4 R1(5y 4 
Ro(L 9 4a) 
x cogwt + e,(i-, 4) - eo(ta , dd - 41, r>a 
0, Y  = a, 
respectively. 
The tangential force per unit area at any fluid level Y is given by 
U,,(Y, t) = 7j g = uop(wY)1/2 Y(M2u* + Yy/* RdL 4 
Ro(r;a 9 9J 
x sin[wt + w, C) - e,(t;, ,hJ - 7% 
(73) 
(74) 
(75) 
where T( = VP) is the dynamic viscosity. Hence, the skin friction acting on the 
cylinder is 
a,&, t) = uop(wu)‘12 (BP + 1)-l/4 R1(5a ’ +J 
Ro(L , da) 
(76) 
x sin[wt + 4(5, , A) - e,(c, A> - bl. 
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The energy dissipation per unit area per unit time from the oscillating 
cylinder is given by 
which oscillates with double the frequency of oscillation of the cylinder about 
an average value 
p = + u~p(wly2 (M2 + 1)-l/4 20[i; 12; sin[eo(t;, , $h) - wa , A) + A& 
(78) 
Eq. (78) represents net energy transfer from the cylinder to the body of the 
fluid. 
From Eq. (52), we get an expression for the induced current density given 
bY 
Mp II2 
j, = 110 - 
i 1 
W’, 4 
CL (M2a4(1; r4j3’* R&a , +a> (79) 
x sin[wt + em) - e,(t, A> - W,4) - 3#4 
G(c, c$) = {4R,2(5,+) + W?02(L $1 + 45Rok $1 Rdc, 4) 
x cos[eo(5, 4) - e,(k 4) + 9W 
and 
W-9 
t(L 4) = tan-* l;~,(5, C) sin[&,(L $9 - Wp 4) --!- $1 2R,(I, 4) + 5R&, 4) CO@o(c9 ‘8 - el(k 4) + 41 ’ (81) 
In evaluating Eq. (79), the following relations have been used: 
RI’@, y) = - ff(%, Y) Ro(% Y) COS[edX, Y) - eo(% Y> - ~8% Y) - Yl 
(8’4 
- H+ R&c, y) cos I&, y), 
R,(x, Y) e,+, y) = H(x, Y) R&T y) sinl?,(x, Y> - eo(xp Y) - C(h Y) - ~1 
- v Rl(x, y) sin #(x, JJ). (83) 
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The induced electric field turns out to be 
= - (wJ”w1’2 4 uo R,((, ) ($J R”(lp +) cos[fJJt + cog, 4) - eo(L , &Jl. (84) 
Equations (79) and (84) h s ow the presence of surface current density and 
induced electric field. The phase of EB , at any level r, is the same as that of 
the velocity at that level. 
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